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1. Introduction

The weighted Voronoi diagrams (multiplicatively, addi-
tively, compound, etc...) differ from the ordinary Voronoi di-
agram in the fact that the generators do not all have the same
weight [6], [1]. The definition of these weighted Voronoi dia-
grams differs from the definition of the ordinary one in that
the Euclidean distance is replaced by a weighted distance.
In the case of the additively weighted Voronoi diagram, the
weighted distance between a point and a generator is the Eu-
clidean distance minus the weight of the generator. The addi-
tively weighted Voronoi diagram has been extensively studied
by Ash and Bolker, under the name of hyperbolic Dirichlet
tessellations (see section 2 of [3]). To date, only static algo-
rithms have been developed for constructing the additively
weighted Voronoi diagram. In this paper, we introduce a new
algorithm [2] for the dynamic construction and maintenance
of additively weighted Voronoi diagrams. We will illustrate
the link of our algorithm with the Appolonius problem, and
we will use some of the properties of hyperbolic Dirichlet tes-
sellations.

2. Preliminaries

Let N be the set of integers, R be the set of reals, and
R? be the euclidean plane. Let P be the set of generators or
sites. Let w; be the weight of the point P; € P. The Voronoi
region of P; is defined by:

V(PZ) = {MERQ /Vj : d(M, PZ) — Wy S d(M,Pj) - wj}.

The additively weighted Voronoi diagram for the set of
points P is defined as V(P) = {V(F;) /P; € P} (see Figure
1).

The bisector B;; between FP; and P; is defined by:

Bij = {]V[GRQ /Vj . d(]V[, PZ) — W; = d(]V[, Pj) — wj}.

The valence of a vertex of a tessellation is the number of
regions to which it belongs (from section 2 of [3]).

A tessellation is proper if each region is regular closed
and at each vertex the angles formed by the tangent rays to
the boundary curves which meet there are all less than 7 (see
section 2 of [3]).

Let C (P, w) be the weight circle of P, whose centre is P
and radius is w.

It is evident that B;; =V(P;) NV(P;).
B;; in the following way:

Bij == {MERQ /Vj : d(M,P%) - d(M,P]) = Ww; — wj}.

This locus is the branch of hyperbola whose foci are P;
and Pj, that is convex if w; < w; (see Figure 1), and whose
big axis is a = 5L,

We can express

Figure 1: An additively Weighted Voronoi diagram.

The equation of such a hyperbola in polar coordinates
is: p = 7=%—5 where e is the excentricity of the hyperbola:

= %, and p = a (62 — 1). Each branch of the hy-
perbola is obtained by adding the supplementary condition:
p>0orp<O0.

From the equation of the hyperbola, it is trivial that any
ray from P; intersects at most once each branch of hyperbola.
Therefore, B;; is star-shaped relatively to P;, and V(F;) is
star-shaped relatively to P;.

According to lemma 3 of [3], V(F;) is not empty if, and
only if, |7,UZ — UJj| < d(PZ, Pj).

Ash and Bolker proved that hyperbolic Dirichlet tessel-
lations whose vertecies are 3-valent are proper (see Theorem
19 of [3]).

The intersection of B;; and B;y, is the locus of the points
M of the plane such as d(M,P;) — w; = d(M,P;) — w; =
d(M, P,) — wg. This locus corresponds to the centre of the
circle externally tangent to the circle’s centre P; radius wy;,
centre P; radius wj, and centre Py, radius wy, (shown as thick
plain circles on Figure 2). It is a solution of the Appolonius
problem (see section 10.11.1 of [4] and Figure 2). It is also
the intersection of B;; and Bj;, and of B, and Bj.

3. The algorithm

We will suppose that we do not allow |w; —wj;| >
d(P;, P;) for any P;, and P; of P. Therefore, every vertex
is 3-valent, and the tesselation is proper. Therefore, the dual



Figure 2: The event that changes the topology

graph of the additively weighted Voronoi diagram is a trian-
gulation. Now, we will examine the events that affect this
triangulation.

Proposition 1 (The empty circumcircle criterion for the

A
AW-Voronoi’s dual graph): A triangle P;P;Py exists in the
triangulation if, and only if, the circle tangent to the weight
circles C (P, w;), C (Pj,w;), and C (Py, ws), does not intersect
any other circle C (P, w;) 1 ¢ {¢,7,k}.

Proof: If a fourth circle C (P}, w;) happened to be tangent
to the circle Cy, . ,,, that is tangent to C (P, w;), C (Pj,w;),
and C (Pg,wg), then the vertex vy, ;i) intersection of Bjj,
Bir, and Bj, would be 4-valent. This is not possible ac-
cording to the assumption stated at the begining of this sec-
tion. Otherwise, if the intersection of C (P}, w;) and C; (ijny Was
constituted by two different points, then C;, ., and Cy,,
would be tangent to C (P;, w;), C (P, w;), and C (P, w;); and
C (Pj,wj), C(Py,wy), and C (P, w;) respectively. Then we

A A A
would have the triangles P;P; P, P;P; P, and P; PPy, which
would contradict the fact that the dual graph of the additively
weighted Voronoi diagram is a triangulation (see Figure 2).
A

We should therefore make a triangle switch: replace P;P;Py

A A A
and RPk]Dl by PZ‘PJ'B and PijB.

This proposition is the basis of the incremental algo-
rithm, that we implemented for the dynamic construction and
maintenance of additively weighted Voronoi diagrams.

When a new point is added, we locate the triangle T in
which it lies, then we connect this new point to the triangu-
lation by replacing T by three new triangles whose vertices
are the vertices of T and the new point. Then we check every
circle tangent to the weight circles of the points of every new
triangle. If a triangle switch has to be performed (see end of
the Proof of Proposition 1), we perform the same check for all
the tangent circles corresponding to the triangles generated

by the triangle switch. This follows the algorithm of Guibas
and Stolfi [5] for the ordinary Voronoi diagram, extending it
to this case of generalized Dirichlet tessellation.

When an existing point is deleted, we locate its nearest
neighbour, then we transfer all its neighbours to the nearest
neighbour and we remove it and its topological relationships
from the triangulation. Then we check every circle tangent
to the weight circles of the points of every modified triangle.
If a triangle switch has to be performed (see end of the Proof
of Proposition 1), we perform the same check for all the tan-
gent circles corresponding to the triangles generated by the
triangle switch.

We prove that this algorithm has a worst case expected
efficency of O (logn) per operation. This is due to the trian-
gulation check, and the fact that each point has in average at
most six neighbours.

4. Conclusion

This algorithm can be of interest for determining the de-
formation of materials [7], in crystallography and thermody-
namics. Our algorithm can be useful in the applications of the
additively weighted Voronoi diagrams or hyperbolic Dirichlet
tessellations to spatial analysis (such as determining optimal
investment location relatively to costs and aids from govern-
ments) due to its dynamic nature.
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