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41 Lqwurgxfwlrq
Wkh zhljkwhg Yrurqrl gldjudpv +pxowlsolfdwlyho|/ dggl0

wlyho|/ frpsrxqg/ hwf111, gl�hu iurp wkh ruglqdu| Yrurqrl gl0
djudp lq wkh idfw wkdw wkh jhqhudwruv gr qrw doo kdyh wkh vdph
zhljkw ^9`/ ^4`1 Wkh gh�qlwlrq ri wkhvh zhljkwhg Yrurqrl gld0
judpv gl�huv iurp wkh gh�qlwlrq ri wkh ruglqdu| rqh lq wkdw
wkh Hxfolghdq glvwdqfh lv uhsodfhg e| d zhljkwhg glvwdqfh1
Lq wkh fdvh ri wkh dgglwlyho| zhljkwhg Yrurqrl gldjudp/ wkh
zhljkwhg glvwdqfh ehwzhhq d srlqw dqg d jhqhudwru lv wkh Hx0
folghdq glvwdqfh plqxv wkh zhljkw ri wkh jhqhudwru1 Wkh dggl0
wlyho| zhljkwhg Yrurqrl gldjudp kdv ehhq h{whqvlyho| vwxglhg
e| Dvk dqg Eronhu/ xqghu wkh qdph ri k|shuerolf Glulfkohw
whvvhoodwlrqv +vhh vhfwlrq 5 ri ^6`,1 Wr gdwh/ rqo| vwdwlf dojr0
ulwkpv kdyh ehhq ghyhorshg iru frqvwuxfwlqj wkh dgglwlyho|
zhljkwhg Yrurqrl gldjudp1 Lq wklv sdshu/ zh lqwurgxfh d qhz
dojrulwkp ^5` iru wkh g|qdplf frqvwuxfwlrq dqg pdlqwhqdqfh
ri dgglwlyho| zhljkwhg Yrurqrl gldjudpv1 Zh zloo looxvwudwh
wkh olqn ri rxu dojrulwkp zlwk wkh Dssrorqlxv sureohp/ dqg
zh zloo xvh vrph ri wkh surshuwlhv ri k|shuerolf Glulfkohw whv0
vhoodwlrqv1
51 Suholplqdulhv

Ohw Q eh wkh vhw ri lqwhjhuv/ U eh wkh vhw ri uhdov/ dqg
U
� eh wkh hxfolghdq sodqh1 Ohw S eh wkh vhw ri jhqhudwruv ru

vlwhv1 Ohw z � eh wkh zhljkw ri wkh srlqw S � 5 S1 Wkh Yrurqrl
uhjlrq ri S � lv gh�qhg e|=
Y+S � , @ �P�U � @;m = g+P>S � ,� z � � g+P>S � ,� z �

�1
Wkh dgglwlyho| zhljkwhg Yrurqrl gldjudp iru wkh vhw ri

srlqwv S lv gh�qhg dv Y+S, @ iY +S � , @S � 5 Sj +vhh Iljxuh
4,1

Wkh elvhfwru E � � ehwzhhq S � dqg S� lv gh�qhg e|=
E � � @ �P�U � @;m = g+P>S � ,� z � @ g+P>S� ,� z �

�1
Wkh ydohqfh ri d yhuwh{ ri d whvvhoodwlrq lv wkh qxpehu ri

uhjlrqv wr zklfk lw ehorqjv +iurp vhfwlrq 5 ri ^6`,1
D whvvhoodwlrq lv surshu li hdfk uhjlrq lv uhjxodu forvhg

dqg dw hdfk yhuwh{ wkh dqjohv iruphg e| wkh wdqjhqw ud|v wr
wkh erxqgdu| fxuyhv zklfk phhw wkhuh duh doo ohvv wkdq � +vhh
vhfwlrq 5 ri ^6`,1

Ohw F +S>z, eh wkh zhljkw flufoh ri S/ zkrvh fhqwuh lv S
dqg udglxv lv z1

Lw lv hylghqw wkdw E � � @Y+S � ,_Y+S� ,1 Zh fdq h{suhvv
E � � lq wkh iroorzlqj zd|=
E � � @ �P�U � @;m = g+P>S � ,� g+P>S � , @ z � � z �

�1
Wklv orfxv lv wkh eudqfk ri k|shuerod zkrvh irfl duh S �

dqg S � / wkdw lv frqyh{ li z � � z � +vhh Iljxuh 4,/ dqg zkrvh
elj d{lv lv d @ �������
	� 1

Iljxuh 4= Dq dgglwlyho| Zhljkwhg Yrurqrl gldjudp1

Wkh htxdwlrq ri vxfk d k|shuerod lq srodu frruglqdwhv
lv= � @ �� ��
�������� zkhuh h lv wkh h{fhqwulflw| ri wkh k|shuerod=
h @ ��� � ��� � 	��� �������
	 � / dqg s @ d �h � � 4�1 Hdfk eudqfk ri wkh k|0
shuerod lv rewdlqhg e| dgglqj wkh vxssohphqwdu| frqglwlrq=
� � 3 ru � � 31

Iurp wkh htxdwlrq ri wkh k|shuerod/ lw lv wulyldo wkdw dq|
ud| iurp S � lqwhuvhfwv dw prvw rqfh hdfk eudqfk ri k|shuerod1
Wkhuhiruh/ E � � lv vwdu0vkdshg uhodwlyho| wr S � / dqg Y+S � , lv
vwdu0vkdshg uhodwlyho| wr S � 1

Dffruglqj wr ohppd 6 ri ^6`/ Y+S � , lv qrw hpsw| li/ dqg
rqo| li/ mz � � z � m ? g+S � > S� ,1

Dvk dqg Eronhu suryhg wkdw k|shuerolf Glulfkohw whvvho0
odwlrqv zkrvh yhuwhflhv duh 60ydohqw duh surshu +vhh Wkhruhp
4< ri ^6`,1

Wkh lqwhuvhfwlrq ri E � � dqg E �! lv wkh orfxv ri wkh srlqwv
P ri wkh sodqh vxfk dv g+P>S � , � z � @ g+P>S� , � z� @
g+P>S  , � z  1 Wklv orfxv fruuhvsrqgv wr wkh fhqwuh ri wkh
flufoh h{whuqdoo| wdqjhqw wr wkh flufoh*v fhqwuh S � udglxv z � /
fhqwuh S� udglxv z � / dqg fhqwuh S  udglxv z  +vkrzq dv wklfn
sodlq flufohv rq Iljxuh 5,1 Lw lv d vroxwlrq ri wkh Dssrorqlxv
sureohp +vhh vhfwlrq 4314414 ri ^7` dqg Iljxuh 5,1 Lw lv dovr
wkh lqwhuvhfwlrq ri E � � dqg E�" dqg ri E �! dqg E �" 1
61 Wkh dojrulwkp

Zh zloo vxssrvh wkdw zh gr qrw doorz mz � � z � m �
g+S � > S� , iru dq| S � / dqg S� ri S1 Wkhuhiruh/ hyhu| yhuwh{
lv 60ydohqw/ dqg wkh whvvhodwlrq lv surshu1 Wkhuhiruh/ wkh gxdo



Iljxuh 5= Wkh hyhqw wkdw fkdqjhv wkh wrsrorj|

judsk ri wkh dgglwlyho| zhljkwhg Yrurqrl gldjudp lv d wuldq0
jxodwlrq1 Qrz/ zh zloo h{dplqh wkh hyhqwv wkdw d�hfw wklv
wuldqjxodwlrq1
Sursrvlwlrq 4 +Wkh hpsw| flufxpflufoh fulwhulrq iru wkh
DZ0Yrurqrl*v gxdo judsk,= D wuldqjoh

�
S � S� S  h{lvwv lq wkh

wuldqjxodwlrq li/ dqg rqo| li/ wkh flufoh wdqjhqw wr wkh zhljkw
flufohv F +S � > z � ,/ F +S � > z� ,/ dqg F +S  > z  ,/ grhv qrw lqwhuvhfw
dq| rwkhu flufoh F +S � > z � , o @5 il> m> nj1

Surri= Li d irxuwk flufoh F +S � > z � , kdsshqhg wr eh wdqjhqw
wr wkh flufoh F ��� ��� 	�� �
	 / wkdw lv wdqjhqw wr F +S � > z � ,/ F +S � > z � ,/
dqg F +S  > z  ,/ wkhq wkh yhuwh{ y � � � � �  
� lqwhuvhfwlrq ri E � � /
E �! / dqg E �  zrxog eh 70ydohqw1 Wklv lv qrw srvvleoh df0
fruglqj wr wkh dvvxpswlrq vwdwhg dw wkh ehjlqlqj ri wklv vhf0
wlrq1 Rwkhuzlvh/ li wkh lqwhuvhfwlrq ri F +S � > z � , dqg F � � � 	��
	 zdv
frqvwlwxwhg e| wzr gl�huhqw srlqwv/ wkhq F � � ��� 	�� � 	 dqg F � � 	�� ��� � 	
zrxog eh wdqjhqw wr F +S � > z � ,/ F +S� > z� ,/ dqg F +S � > z � ,> dqg
F +S� > z � ,/ F +S  > z  ,/ dqg F +S � > z � , uhvshfwlyho|1 Wkhq zh
zrxog kdyh wkh wuldqjohv

�
S � S� S  /

�
S � S � S � / dqg

�
S� S  S � / zklfk

zrxog frqwudglfw wkh idfw wkdw wkh gxdo judsk ri wkh dgglwlyho|
zhljkwhg Yrurqrl gldjudp lv d wuldqjxodwlrq +vhh Iljxuh 5,1
Zh vkrxog wkhuhiruh pdnh d wuldqjoh vzlwfk= uhsodfh

�
S � S� S  

dqg
�

S � S  S � e|
�

S � S � S � dqg
�

S� S  S � 1
Wklv sursrvlwlrq lv wkh edvlv ri wkh lqfuhphqwdo dojr0

ulwkp/ wkdw zh lpsohphqwhg iru wkh g|qdplf frqvwuxfwlrq dqg
pdlqwhqdqfh ri dgglwlyho| zhljkwhg Yrurqrl gldjudpv1

Zkhq d qhz srlqw lv dgghg/ zh orfdwh wkh wuldqjoh W lq
zklfk lw olhv/ wkhq zh frqqhfw wklv qhz srlqw wr wkh wuldqjx0
odwlrq e| uhsodflqj W e| wkuhh qhz wuldqjohv zkrvh yhuwlfhv
duh wkh yhuwlfhv ri W dqg wkh qhz srlqw1 Wkhq zh fkhfn hyhu|
flufoh wdqjhqw wr wkh zhljkw flufohv ri wkh srlqwv ri hyhu| qhz
wuldqjoh1 Li d wuldqjoh vzlwfk kdv wr eh shuiruphg +vhh hqg ri
wkh Surri ri Sursrvlwlrq 4,/ zh shuirup wkh vdph fkhfn iru doo
wkh wdqjhqw flufohv fruuhvsrqglqj wr wkh wuldqjohv jhqhudwhg

e| wkh wuldqjoh vzlwfk1 Wklv iroorzv wkh dojrulwkp ri Jxledv
dqg Vwro� ^8` iru wkh ruglqdu| Yrurqrl gldjudp/ h{whqglqj lw
wr wklv fdvh ri jhqhudol}hg Glulfkohw whvvhoodwlrq1

Zkhq dq h{lvwlqj srlqw lv ghohwhg/ zh orfdwh lwv qhduhvw
qhljkerxu/ wkhq zh wudqvihu doo lwv qhljkerxuv wr wkh qhduhvw
qhljkerxu dqg zh uhpryh lw dqg lwv wrsrorjlfdo uhodwlrqvklsv
iurp wkh wuldqjxodwlrq1 Wkhq zh fkhfn hyhu| flufoh wdqjhqw
wr wkh zhljkw flufohv ri wkh srlqwv ri hyhu| prgl�hg wuldqjoh1
Li d wuldqjoh vzlwfk kdv wr eh shuiruphg +vhh hqg ri wkh Surri
ri Sursrvlwlrq 4,/ zh shuirup wkh vdph fkhfn iru doo wkh wdq0
jhqw flufohv fruuhvsrqglqj wr wkh wuldqjohv jhqhudwhg e| wkh
wuldqjoh vzlwfk1

Zh suryh wkdw wklv dojrulwkp kdv d zruvw fdvh h{shfwhg
h�fhqf| ri R +orj q, shu rshudwlrq1 Wklv lv gxh wr wkh wuldq0
jxodwlrq fkhfn/ dqg wkh idfw wkdw hdfk srlqw kdv lq dyhudjh dw
prvw vl{ qhljkerxuv1
71 Frqfoxvlrq

Wklv dojrulwkp fdq eh ri lqwhuhvw iru ghwhuplqlqj wkh gh0
irupdwlrq ri pdwhuldov ^:`/ lq fu|vwdoorjudsk| dqg wkhuprg|0
qdplfv1 Rxu dojrulwkp fdq eh xvhixo lq wkh dssolfdwlrqv ri wkh
dgglwlyho| zhljkwhg Yrurqrl gldjudpv ru k|shuerolf Glulfkohw
whvvhoodwlrqv wr vsdwldo dqdo|vlv +vxfk dv ghwhuplqlqj rswlpdo
lqyhvwphqw orfdwlrq uhodwlyho| wr frvwv dqg dlgv iurp jryhuq0
phqwv, gxh wr lwv g|qdplf qdwxuh1
�U!?L�*i_}4i?|t

Wkh vhfrqg dqg wklug dxwkruv kdyh uhfhlyhg wkh �qdqfldo
vxssruw iurp d judqw ri wkh Qdwxudo Vflhqfhv dqg Hqjlqhhulqj
Uhvhdufk Frxqflo ri Fdqdgd +QVHUF, dqg wkh Dvvrfldwlrq
ghv Lqgxvwulhv Iruhvwl�huhv gx Tx�hehf +DLIT,1
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