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Abstract 
One of the puzzles for computer scientists is how to explain, and store, the relations 
between spatial “objects” (like houses) or “fields” (like temperature). This is also a 
problem for psychologists, philosophers and linguists, attempting to explain how people 
(and other animals) understand and navigate in the real world. Finally, it is a problem for 
people (who get lost) and artists (who try and express aspects of the real world). This 
paper reviews a few of the basic problems and suggests one or two useful approaches. 
 
Why Joy? 
We may get joy from examination of our world, and perhaps perceiving something of a 
pattern in it. A classic case, incomprehensible to some and obvious to others, is the 
recreation of solving Jigsaw Puzzles. This leads to a few interesting observations: 

• Why do it? Because finding the relationships gives pleasure. 
• The solution requires knowledge of both shape and content. 
• We see something bigger than its parts when it is finished. 
• Tilings, regular and irregular, also give pleasure. 
• “Who (what) is my neighbour?” is a basic question in many contexts. 
• For children's cut-out puzzles the shapes fit the objects. 
• Later we learn to recognize arbitrary shapes. Simple squares are boring! 

 

 
 
How Do Things Connect? 
We need the same skills in the real world, for perceived images: we need to be able to 
connect “pieces” together, by shape, content and movement. We “understand” an image 



in terms of its 3D “meaning”. In reality all space (2D and 3D) is occupied – and 
connected! How do we manage this in a computer, where everything must be broken into 
pieces for storage and processing? 

• We start with simple “topology” 
• We then try and find a “data structure” 
• We must then fit “geometry” to “topology” 

We will briefly look at each of these steps. 
 
Topology 
In 2D, we may think of our objects as points (nodes) and our primary spatial relationship, 
adjacency, as an edge between a pair of nodes. (We could do this for our jigsaw puzzle.) 
This gives us a “graph”. If it is “planar” then no edges may cross – and, in addition, we 
can identify the order of the edges around each node. (This is not necessarily true for 
more general graphs.) 
 
In addition, in a planar graph we can consider every (minimal) closed loop to define a 
region (or polygon). This is a basic concept for the computer mapping of forest stands, or 
counties: walk from edge to edge in your graph, turning to the left at each node, and find 
your polygon boundary. As with the puzzles, each region or edge may have properties 
(attributes) such as colour and shape. This also leads to another concept: the dual. 
Consider each polygon to be a country; put a point (capital city) in each country; connect 
capitals of adjacent countries with edges (roads). You now have a “dual” graph based on 
the original one – also with regions, edges and nodes. However, these may themselves 
also have their own set of attributes – see the figure. (For example, a boundary may 
represent the separator between two regions – but its dual may represent the flow (of 
water, people etc.) across the original boundary. (The dual of a region is a node in the 
other graph, and the dual of the dual gives us back our original graph.) Finally, these 
concepts can also be used in 3D. 

 
Data Structure 
For this and various other reasons, we want to create a data structure (to store the nodes 
and edges of a graph in the computer) that saves both the primal and the dual, and saves 
them in the same way – so we can walk round the dual graph in the same way as the 
primal, and we can examine the attributes of both the primal and dual graphs. This is 
known as the “Quad-Edge” structure, and was developed by Guibas and Stolfi in 1985. It 
is elegant because you can follow the loop round a region in the same way as a loop 
round a node, it saves both the primal and the dual, and it has just two operations: 



MakeEdge (to create a new edge) and Splice (to split/merge the loop round a node or a 
face). 
 

 
 
We have therefore completed steps one and two described above (defining the topology 
and the data structure). We now need to incorporate “geometry” (as used here: operations 
on co-ordinates) to fix it in space. 
 
Geometry (co-ordinates) 
The first problem is whether co-ordinates even exist. This is an old argument, going back 
at least as far as an argument between Newton and Leibniz. (Roughly speaking, Newton 
thought they did, but Leibniz only believed in the relationships between objects. They 
were both thinking about planetary motions.) In computational geometry we have to use 
them for data input, but we try not to take them too seriously! 
 
For computer applications things are made worse because they can only be stored with 
limited precision. Thus if we calculate the intersection point between two lines, in general 
the result will not fall exactly on either of them! The fundamental GIS problem has 
always been how to convert geometry (point co-ordinates) to a connected graph (a map). 
Sometimes a slight error in the result will give a different result for the connectivity. A 
few methods (such as the Voronoi diagram described below) have mathematically 
certified operations, which make them particularly attractive for constructing the graphs 
that are the basis of our maps. 
 
What about Objects? 
In GIS we often talk about “fields” (continuous things, like temperature, that have a value 
anywhere) and “objects” (things you can drop on your toe, like houses, which exist at 
some locations but not at others). We have looked at fields, like county administrations, 
that can be described as a set of regions, and how we can describe their topology. What 
about separate objects such as points – can we describe a topology for them? 
 
Here we can, even if marginally, appeal to Einstein (1951): 
“Physical objects are not in space, but these objects are spatially extended. In this way the 
concept of ‘empty space’ loses its meaning.”  
 



Taking this idea of “extending” our objects, we “blow bubbles” around them (using 
geometric operations) until the bubbles meet – and end up with the Voronoi diagram, 
based on the work of Voronoi (1908). The dual of this is the Delaunay triangulation 
(which has the property that perturbing a node produces only local changes), and we use 
Quad-Edges to preserve both at the same time. 

 
 
This was shown by Guibas and Stolfi in 1985, but little notice was taken of it outside 
computational geometry. Within GIS and other spatial modelling applications, its 
properties have rarely been noted. For applications, its properties include: 

• discrete objects propagate to fields 
• these fields provide a topological structure for adjacency 
• we have a space-filling, not a line-intersection spatial model 
• valid topology is produced, even with low-precision co-ordinates 
• points/bubbles may navigate through the network 
• attributes may be attached to both primal and dual entities 
• operations may be performed in both primal and dual space simultaneously 

 
Applications of this last property include:  

• finding the Voronoi boundary associated with a particular node and its attribute 
• finite-difference flow analysis, where water from one Voronoi cell flows to a 

neighbour depending on their common Voronoi boundary and on the slope of the 
dual triangle edge 

• operations on crusts and skeletons (described below).  
 
Other applications include terrain modelling, topology construction from scanned maps, 
and many more 
 
Terrain Modelling (Delaunay) 
Triangulated terrain models may be used both to describe the terrain and to edit it (e.g. 
for road construction) as shown in the figure. Also shown is a terrain model base on 
digitized contours – but where some triangles are “flat” as they are formed from points of 
the same height. This can be fixed using the medial skeleton shown (and described 
below). 



 
 
One More Step: the Skeleton 
Blum (1967) described the medial axis (or skeleton) of irregular shapes, as shown in the 
figure, and also suggested a transform to give height as the distance from the boundary.  

 
 
Gold (1999) showed a simple way to extract it from the Voronoi diagram – each 
Delaunay edge has a dual Voronoi edge, and only one of the two needs to be drawn. The 
next figure shows a sketch of a simple river network, and the resulting watersheds. 
Blum’s height transform gives estimated heights. Each digitized node on the river has a 
Voronoi cell, and these may be combined to give estimated catchment, and sub-
catchment, areas. 
 

 
 



The linkages between them may be used to suggest a rough runoff model for the river 
system, as shown below, where the rods show the total upstream catchment area. The 
combined primal and dual structures may be used to perform flow modelling as described 
above and shown in the figure below. 
 

 
 
Beyond Terrain – Cities 
So far we have worked only with surfaces that can be projected onto a horizontal plane 
without overlap. This becomes difficult with the recent demand for city models – which 
contain vertical walls, bridges and tunnels. Here unfortunately the Voronoi model no 
longer holds, as we have no obvious measure of surface distance. However, the data 
structure remains valid, but we need to use manual editing, and to ensure that the data 
structure may be edited locally by using “Euler Operators” (developed for CAD systems). 

 
 
Next: Time 
The manual change just described could be considered a form of change over time – 
however, in many simulation systems we need to manage this automatically. We need 
“dynamic” structures where change can be predicted. This is possible with Voronoi 
diagrams, as we can predict for a moving point when the Voronoi structure needs to 
change. As seen in the following figure, Voronoi cells show adjacency and may be used 
for collision detection. Our work on a Marine GIS is based on this, with the addition of 
extensive 3D graphics and marine cartography. 
 



 
 

 
 
Now: 3D Graphs 
The principles of planar graphs in 2D can be extended to volumetric graphs in 3D, with 
the addition of 3D volumes or “bubbles”. As shown in the figure, volumes are dual to 
nodes, and edges are dual to faces. An “Augmented Quad-Edge” is under development. 

 



With this, or even with more simple tetrahedral structures, the Voronoi diagram and 
Delaunay tetrahedralization may be constructed, as shown in the figure below. For more 
advanced simulations in 3D a kinetic structure is required, allowing point insertion, 
deletion and movement. This is just being completed. Applications include sub sea 
navigation, and contouring, as also shown below. 
 

 
 
The work described here is part of an ongoing project on spatial data structures and 
Voronoi diagrams. Team members at the University of Glamorgan are Hugo Ledoux, 
Rebecca Tse, Maciej Dakowicz and Rafal Goralski, who have produced many of the 
applications mentioned. Past team members also worked on the project in Hong Kong 
and in Canada – much of the real development was done by them. Many of the 
publications produced may be found at www.voronoi.com. 
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Voronoi Art 
The Voronoi diagram is also starting to find its place in the world of art. The show 
“Voronoi Diagram – Evolutionary Space” was held in Seoul, Korea from 10-20 October 
2005, in conjunction with the 2nd International Symposium on Voronoi Diagrams in 
Science and Engineering. (The first was in Tokyo, Japan, the third will be in Banff, 
Canada, the fourth at the University of Glamorgan and the fifth, in 2008, in the Ukraine, 
on Voronoi’s 100th anniversary.) 



As with jigsaw puzzles (but more so!) the connectedness of space is endlessly 
fascinating. Tessellations, mosaics, and other artists’ works show this. The following 
pictures, taken from the show or the internet, illustrate real world examples, simulations 
of real or imaginary worlds, and hopefully the beauty and joy of the resulting pattern. 
 
En-joy! 

 
 

 
 
 

 
 

 
 


