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ABSTRACT

This article presents a method for the visualization of the nucleation and growth of
particles based on an algorithm for the dynamic construction of additively weighted
Voronoi diagrams. We use the Poisson point process in the dynamic additively
Voronoi diagram to generate the Johnson-Mehl tesselation. The Johnson-Mehl
model is a Poisson Voronoi growth model, in which nuclei are generated asyn-
chronously using a Poisson point process, and grow at the same radial speed.
Growth models produce spatial patterns as a result of simple growth processes
and their visualization is important in many technological processes.

Keywords: Visualization of nucleation and growth of particles, Johnson-Mehl tes-
sellations, Voronoi diagrams, growth models

1 INTRODUCTION the phase transition from liquid to solid
is a part of the technological process,
for example production of metals and ce-

Particle statistics play an important role ramic materials) [Stoya98], material sci-

in many technological processes (in the ence, plant ecology, and spatial analysis.
industrial production of materials where



Due to the lack of efficient algorithms for
their visualization only the “set-theoretic
approach in particle statistics” [Stoya98]
has been used as a method of visualiza-
tion of spatial growth processes.

Growth models produce spatial patterns
as a result of simple growth processes op-
erating with respect to a set of n points
(nucleation sites), P = {p1,p2,...pn} at
positions @y, xs, ..., T,, respectively in R”
or a bounded region of R™ (m = 2,3).
The growth processes such as agglomera-
tion, aggregation, packing, etc. lead in a
natural way to the Poisson Voronoi tes-
sellation [Okabe92], [Stoya98] and to the
Johnson-Mehl tessellation when the mem-
bers of the generator set P are not con-
temporaneous [Okabe92].

The Johnson-Mehl model has been in-
troduced in [Johns39] for modelling the
growth of crystal aggregates. The
Johnson-Mehl model is a Poisson Voronoi
growth model, in which nuclei are gener-
ated asynchronously using a Poisson point
process [Okabe92], and grow at the same
radial speed v. Fach generator P, =
(pf,t;) has both a planar location (its po-
sition vector) and an associated birth time
t; (t; > 0). The Johnson-Mehl tessella-
tion can be considered equivalent to a dy-
namic version of an additively weighted
Voronoi diagram [Anton98], in which the
weight reflects the arrival time of the point
in R?[Okabe92]. The definition of the
weighted Voronoi diagrams differs from
the definition of the ordinary one in that
the Fuclidean distance is replaced by a
weighted distance. In the case of the
additively weighted Voronoi diagram, the
weighted distance between a point and a
generator is the Euclidean distance minus
the weight of the generator. The addi-
tively weighted Voronoi diagram has been
extensively studied by Ash and Bolker
[Ash86] and Aurenhammer [Auren88] un-
der the name of hyperbolic Dirichlet tes-
sellations and Power Voronoi diagrams,

but till [Mioc98] and [Anton98], there was
no dynamic algorithm for constructing the
additively weighted Voronoi diagram.

Figure 1: An additively Weighted

Voronoi diagram.

In this paper, we introduce a new algo-
rithm based on an algorithm for the dy-
namic construction of additively weighted
Voronoi diagrams (see Figure 1, [Mioc98§]
and [Anton98]). We extend this algorithm
to the incremental construction and visu-
alization of nucleation and growth of par-
ticles using the Johnson-Mehl tessellation
and the Voronoi growth model.

2 PRELIMINARIES

Let R?be the Fuclidean plane. Let P =
{P;} be the set of generators or nuclei,
where P; = (p!,t;) is defined by its posi-
tion vector pf, and its birth time t;. The
nuclei are generated by a homogeneous
Poisson point process [Horal79]. The cell
C (P;) generated by the growth of P; con-
tains all the points M such that the cell
growing from P; is the first one to meet

M.



It is defined by: C(P) =
{MR? pyj 1, 4 2B <y 4 LI,

where v is the constant radial growth of
the nuclei. If we multiply both sides of the
inequality inside the brackets by v > 0,
and subtract vo where o is a constant, we
get that C (FP;) is the set of points M of
the plane such as d(M,P;) —v(o—1t;) <
d(M,P;) + v(o—1t;). By defining the
weights of the nuclei as w; = v (0 — t;), we
can see immediately the correspondence
between the Johnson-Mehl tessellation
and the additively weighted Voronoi dia-
gram (shown on Figure 1) introduced in
the previous section. The Johnson-Mehl
tessellation for the set of points P is
defined as C(P) = {C (F;) /P € P}. The
cell C (P;) is not empty if, and only if, for
all 7, |v(t; —t;)| < d(M, P;), that is to
say the weight circle of P; is not inside
the weight circle of P;.

We recall now a condition of the Johnson-
Mehl model. If a point is born at a
location that is already occupied by a
growing cell, it disappears without trace
[Okabe92]. We will suppose that we do
not allow |w; —w;| > d(P;, P;) for any
P;, and P; of P. This implies that no
cell is empty in C (P), every vertex is 3-
valent, and the Johnson-Mehl tessellation
is proper, since the Johnson-Mehl tessel-
lation can be considered equivalent to a
dynamic version of an additively weighted
Voronoi diagram [Anton98], [Okabe92],
in which the weight reflects the arrival
time of the point in R% The additively
weighted Voronoi region V(P;) of P; is
the set of points M of the plane such as
\V/] : d(M, PZ) — w; S d(M, P]) — Wwy.

The additively weighted Voronoi diagram
for the set of points P is defined as V(P) =
{V(P,) /P, € P} (see Figure 1).

The bisector B;; between P; and P; is the
set of points M of the plane such as Vj :
d(M, P;) —w; = d(M, P;) — w;.

The valence of a vertex of a tessellation is
the number of regions to which it belongs

(from section 2 of [Ash86]).

A tessellation is proper if each region is
regular, closed and at each vertex the an-
gles formed by the tangent rays to the
boundary curves which meet there are all
less than 7 (see section 2 of [Ash86]).

Let C(P,w) be the weight circle of P,
which is the circle whose centre is P and
radius is w.

It is evident that B;; =V(P;) NV(P;). We
can express B;; as the set of points M
of the plane such as Vj : d(M,P;) —
d(M, P]) = w; — wj.

This locus is the branch of hyperbola
whose foci are P; and P;, that is convex
if w; < w; (see Figure 1), and whose big

Wi —wy
D) .

axis 1s @ =

The equation of such a hyperbola in po-
lar coordinates is: p = ="— where
e 1s the eccentricity of the hyperbola:

= %, and p = a(e* —1). FEach

branch of the hyperbola is obtained by

adding the supplementary condition: p >
0orp<0.

From the equation of the hyperbola, it
is trivial that any ray from P; intersects
at most once each branch of hyperbola.
Therefore, B;; is star-shaped relatively to
P;, and V(P,) is star-shaped relatively to
P;.

The intersection of B;; and B is the lo-
cus of the points M of the plane such
as d(M, PZ) - w; = d(M, P])
d(M, Py) — wy. This locus corresponds to

the centre of the circle externally tangent
to the circle’s centre P; radius w;, centre
P; radius wj, and centre Py radius wy, (see
thick plain circles on Figure 2). It is a so-
lution of the Apollonius problem (see sec-

tion 10.11.1 of [Berge79] and Figure 2). It



is also the intersection of B;; and Bj; and

of sz and B]‘k.

According to lemma 3 of [Ash86], V(F;)
is not empty if, and only if, |w; —w,| <

d(P;, P;).

Ash and Bolker proved that hyperbolic
Dirichlet tessellations whose vertices are
3-valent are proper (see Theorem 19 of

[Ash86]).

3 THE ALGORITHM

The dual graph of the additively weighted
Voronoi diagram is a triangulation. Now,
we will examine the events that affect this
triangulation.

Figure 2: The event that changes
the topology

Proposition 1 (The empty circumcir-
cle criterion for the AW-Voronoi’s dual

A
graph): A triangle P,P; Py exists in the
triangulation if, and only if, the circle
tangent to the weight circles C (P, w;),
C(P;,wj), and C(Py,wy), does not in-
tersect any other circle C(P,w;), | ¢
k).

Proof. If a fourth circle C (P}, w;) hap-
pened to be tangent to the circle Cy, .,
that is tangent to C (P, w;), C(P;,w;),

and C ( Py, wy), then the vertex vy jxy (in-
tersection of B;;, B, and Bjx;) would be
4-valent. This is not possible according
to the assumption stated at the begin-
ning of this section. Otherwise, if the
intersection of C (P, w;) and Ctiim
constituted by two different points, then
Ct{m,z} and Ct{J,k,z would be tangent to
C(P,w;), C(P;,wj), and C (P, w); and
C(P;,wj), C(Py,wy), and C(P,w) re-

spectively. Then we would have the tri-

A N N
angles PZ'P]‘Pk, PZ'P]‘PI, and P]‘PkPl, which
would contradict the fact that the dual
graph of the additively weighted Voronoi
diagram is a triangulation (see Figure 2).
|

was

We should therefore make a triangle
A N
switch: replace P,P;P, and P;P,P, by

N N
P;P; Py and P; P F,. Proposition 1 implies
that the triangulation mentioned above
obeys the Delaunay triangulation “empty
circumcircle criterion”. This follows the
algorithm of Guibas and Stolfi [Guiba85]
for the ordinary Voronoi diagram, extend-
ing it to this case of a generalized Dirichlet
tessellation. This proposition is the basis
of the incremental algorithm that we im-
plemented for the dynamic construction
and maintenance of additively weighted
Voronoi diagrams. When a new point is
added, we locate the triangle T in which it
lies, then we connect this new point to the
triangulation by replacing T by three new
triangles whose vertices are the vertices of
T and the new point. Then we check every
circle tangent to the weight circles of the
points of every new triangle. If a triangle
switch (see Figure 2) has to be performed
(see end of the Proof of Proposition 1), we
perform the same check for all the tangent
circles corresponding to the triangles gen-
erated by the triangle switch (see Figure
2 where the triangle switch is shown: re-

A A A
placing PZP]Pk and PZPkPl by PZ'P]‘PI and
A
P;P.P).



When an existing point is deleted, we lo-
cate its nearest neighbour, then we trans-
fer all its neighbours to the nearest neigh-
bour and we remove it and its topolog-
ical relationships from the triangulation.
Then we check every circle tangent to the
weight circles of the points of every modi-
fied triangle. If a triangle switch has to be
performed (see end of the Proof of Propo-
sition 1), we perform the same check for
all the tangent circles corresponding to the
triangles generated by the triangle switch.
This is the basis of the incremental al-
gorithm [Anton98], that we implemented
for the dynamic construction and mainte-
nance of additively weighted Voronoi dia-
grams.

Our algorithm proceeds in a fashion analo-
gous to the algorithm of Devillers, Meiser,
and Teillaud [Devil90] for the dynamic De-
launay triangulation based on the Delau-
nay tree. They proved using the Delaunay
tree that each insertion and point location
has an expected running time of O (logn),
and each deletion has an expected running
time of O (loglogn). Our algorithm has
an efficiency of O (logn).

3.1 THE JOHNSON-MEHL TES-
SELLATION

The algorithm for the construction of the
dynamic additively weighted Voronoi dia-
gram is the basis of the incremental algo-
rithm we implemented for the construc-
tion and maintenance of the Johnson-
Mehl model.  After each arrival of a
new nucleus, the Johnson-Mehl tessella-
tion changes, and we recompute it as fol-
lows. The new nucleus is inserted in the
Johnson-Mehl tessellation (a new Voronoi
region appears), and the neighbouring
Voronoi cells are changed. The size of the
spheres is then increased by the growth
corresponding to the time interval be-
tween the previous insertion and this one
(t;—1;). Consequently, the spheres will be

increased for this time interval (see Fig-
ures 3 and 4). This type of spatial growth
uses a Poisson point process [Okabe92],
and we will now introduce two different
cases of radial speed for spatial growth
processes.

Time homogeneous Poisson point
process The uniform radial growth of
the nuclei and appearance of their Voronoi
regions at two different times is shown in
Figures 3 and 4. On Figures 3 and 4,
we can see the growth of the spheres be-
tween two time units. We notice that the
Voronoi regions are changed only when a
new particle appears.

t =93

Figure 4: The growth of particles at
t =163



We assume [Stoya98] that the radial
growth speed is the same for all the
spheres, and the growth of the spheres
in the portion of contact is stopped (see
Figures 3 and 4). In the early stages
of growth and nucleations spheres do not
overlap, but after a certain time a sphere
may touch another sphere [Okabe92].

Time inhomogeneous Poisson point
process The Johnson-Mehl model has
been generalized [Okabe92] in three dif-
ferent ways: changing the spatial location
process for the generators (nuclei), chang-
ing the birth rate of the generators, or
both. The most extensively studied gener-
alization is the generalization correspond-
ing to the change of the nuclei birth rate
as a function of time without changing the
spatial location process (the homogeneous
Poisson point process). This generaliza-
tion 1s known as the time inhomogeneous
Johnson-Mehl model. The algorithm for
the construction and maintenance of the
Johnson-Mehl model is also applied in
the case of a time inhomogeneous Pois-
son point process. In that case, all the
nuclei grow at the same radial speed for
each time interval and therefore, as long as
a new nucleus does not arrive, the differ-
ence between the weights of neighbouring
nuclei is constant, and the Johnson-Mehl
tessellation does not change.

3.2 THE VORONOI GROWTH
MODEL

The Additively Voronoi diagram reduces
to the ordinary Voronoi diagram when all
the w; are equal to some constant. In that
type of particle growth, nucleation occurs
simultaneously. In Figure 5 we can see
the simultaneous appearance of the nu-
clei that are all of the same size. Fig-
ure 6 shows the growth of these particles
after 65 time units (shown in increased

weights). We notice that the tessellation
has not changed.

Figure 5: The Voronoi growth
model at ¢ = 31

The Voronoi growth
model at t = 96

Figure 6:

Thus, for the nucleation sites that are ap-
pearing simultaneously we have a non-
Poisson point process [Stoya98] and we
can apply our algorithm that reduces
the Johnson-Mehl model to the Voronoi
growth model.

4 CONCLUSIONS

In this article the algorithm for the vi-
sualization of the spatial patterns occur-
ring during the different conditions of nu-
cleation and growth of particles has been
presented. Growth models produce spa-
tial patterns as a result of simple growth



processes such as aggregation, agglomera-
tion, and packing [Boots73] and their vi-
sualization is important in technological
processes. This algorithm is applied in
the case of time homogeneous as well as
time inhomogeneous Poisson point pro-
We use the Poisson point pro-
cess in the dynamic additively Voronoi di-
agram to generate the Johnson-Mehl tes-
sellation. The Johnson-Mehl model is a
Poisson Voronoi growth model, in which
nuclei are generated asynchronously us-
ing a Poisson point process, and grow at
the same radial speed. Another kind of

Cesses.

spatial pattern appears when the nucle-
ation sites appear simultaneously. In that
case we have a non-Poisson point process
[Stoya98] and we can apply our algorithm
that reduces Johnson-Mehl Model to the

Voronoi growth model.

These algorithms may be of interest in
the visualization of the spatial growth
processes investigated in material science
and in the determination of physical prop-
erties of materials (such as material re-
sistance and deformation). They have
many other applications in crystallogra-
phy, molecular biology and astronomy
[Okabe92]. Another potential application
lies in the growth of thin films of metal and
semiconductors. Finally, these algorithms
may be of interest in the application of
the Johnson-Mehl tessellations to spatial
analysis of retail structures, transporta-
tion services and evolution of settlement
patterns [Boots73] due to its dynamic na-
ture.
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